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Abstract: In the prediction of active vibration isolation performance, control force requirements were ignored in previous work. This 
may limit the realization of theoretically predicted isolation performance if control force of large magnitude cannot be supplied by 
actuators.The behavior of a feed-forward active isolation system subjected to actuator output constraints is investigated. Distributed 
parameter models are developed to analyze the system response, and to produce a transfer matrix for the design of an integrated 
passive-active isolation system. Cost functions comprising a combination of the vibration transmission energy and the sum of the 
squared control forces are proposed. The example system considered is a rigid body connected to a simply supported plate via two 
passive-active isolation mounts. Vertical and transverse forces as well as a rotational moment are applied at the rigid body, and 
resonances excited in elastic mounts and the supporting plate are analyzed. The overall isolation performance is evaluated by numerical 
simulation. The simulation results are then compared with those obtained using unconstrained control strategies. In addition, the effects 
of waves in elastic mounts are analyzed. It is shown that the control strategies which rely on unconstrained actuator outputs may give 
substantial power transmission reductions over a wide frequency range, but also require large control force amplitudes to control excited 
vibration modes of the system. Expected power transmission reductions for modified control strategies that incorporate constrained 
actuator outputs are considerably less than typical reductions with unconstrained actuator outputs. In the frequency range in which rigid 
body modes are present, the control strategies can only achieve 5–10 dB power transmission reduction, when control forces are 
constrained to be the same order of the magnitude as the primary vertical force. The resonances of the elastic mounts result in a notable 
increase of power transmission in high frequency range and cannot be attenuated by active control. The investigation provides a 
guideline for design and evaluation of active vibration isolation systems. 
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1  Introduction∗ 

 
The reduction of vibration transmission from a machine 

to its supporting structure has been the subject of 
considerable research effort over many decades[1–5], and has 
included the investigation of active, semi-active and 
passive control[6–8]. 

For active isolation systems, feedforward control is 
invariably preferred over a feedback system whenever a 
suitable reference signal is available. Fortunately, the 
disturbance being controlled in many cases is periodic, and 
this commonly occurs where the primary source comprises 
rotating machinery. The feedforward control algorithm in 
the frequency domain was first used for the problem of four 
active isolators between a vertically vibrating rigid body 
and an edge-clamped flexible plate[9]. The isolation 
efficiency and predicted magnitude of the control forces 
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were investigated using the finite element method. 
Analyses were then undertaken for multiple excitation 
forces and various types of supporting structures[6–7, 10–12]. 

Among the control strategies proposed for the active 
isolation systems, minimization of overall energy in the 
supporting structure produces much better results than 
those obtained using minimization of squared acceleration 
(velocity) or force at a single point[13–14]. For this reason, 
JENKINS, et al[9], studied two vibration isolation systems 
using the summation of squared acceleration from multiple 
measurement points to minimize the power output and 
achieved about 20–30 dB attenuation at the resonance 
frequencies of the support structure. SOMMERFELDT[14] 
investigated a multi-channel controller to minimize the 
square error signals from accelerometers attached at each 
corner of the plate. The results showed that up to 45 dB 
attenuation was locally achieved by the active controllers 
with good stability. PAN, et al[10], considered the total 
power transmitted through the connection points to the 
supporting structure as the cost function, on the basis that 
the minimization of vibratory power would ensure a 
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significant reduction in vibration levels throughout the 
structure. GARDONIO, et al[11], analyzed the power 
transmission from a vibrating rigid body into an infinite or 
finite plate through two active mounts. Cost functions for 
minimizing the out-of-plane power and the weighted sum 
of the out-of-plane squared forces were proposed and the 
results were compared to those obtained by the control 
strategy of minimization of total power transmission. As an 
extension of the work of PAN, et al[10], a theoretical and 
experimental analysis of a six-axis vibration source actively 
isolated from a finite cylindrical shell was presented[15], in 
which an impedance head was developed to measure the 
force and acceleration in each direction, so that the power 
transmission could be minimized.  

In the prediction of active-passive isolation performance, 
several issues have been ignored in previous work. For a 
real isolation system, the machine supported on isolators 
has multiple degrees of freedom, and the primary forces 
and moments excite resonances in the elastic mounts as 
well as the supporting structure. The resulting vibration 
components contribute to the total power flow, while each 
possible excited resonance could have an adverse effect on 
the active isolation performance. However issues such as 
the physical mechanisms associated with single vibration 
component control and the effects of waves in elastic 
mounts have not been fully addressed. To understand and 
improve these effects on the control performance of an 
active isolation system, a detailed theoretical analysis of 
such systems must be developed.  

Another key issue when considering the use of an active 
control system is how powerful the active actuator must be. 
This issue largely determines whether the potential 
performance can be achieved. In spite of the design 
guideline suggested by JENKINS, et al[9] that the combined 
active/passive isolation mounts could reduce the total 
power transmission without leading to control force 
requirements which are in excess of the primary force 
generated, in previous work, whether the actuator 
capability would limit the realization of theoretically 
predicted active performance has not been addressed. The 
commonly used control strategies are predicted with cost 
functions containing no control force constraint. The use of 
control effort constraint was proposed years ago and its 
effect on the performance of active noise control systems 
was emphasized[16–18], but active isolation system with 
actuator constraints or global performance indexes has not 
been investigated. 

This paper extends early work on the development of 
realizable control strategies for actively isolating the 
transmission of vibration from a machine into a flexible 
plate. The commonly used cost functions are modified to 
minimize the performance index subject to control force 
constraints. A theoretical model of a multi-degree-of- 
freedom active-passive isolation system is developed and 
the transfer matrix method is used to analyze the 
input-output response of the coupled isolation system. The 

passive resilient mount and the flexible supporting plate are 
modeled as distributed parameter systems. Each power 
transmission component induced by the vertical and 
transverse forces, and the rotational moments and then 
transmitted through the isolators into the supporting plate is 
taken into account. The overall behaviour of the proposed 
control strategies is illustrated by simulation. The 
theoretical results are then compared with those obtained 
using unconstrained control strategies. 

 
2  Theoretical Model 

 
In this section, a theoretical analysis of the vibration 

transmission from a rigid body into a flexible supporting 
structure through the active-passive mounts is developed by 
using the transfer matrix method. As shown in Fig. 1, the 
supporting structure is modelled as a simply supported 
rectangular plate, on which the vibrating rigid body is 
supported via isolators. Generally, the rigid body is free to 
vibrate in six degrees of freedom. As the drilling degree of 
freedom of the plate is suppressed, the twisting moment 
about the z axis does not transmit any energy into bending 
waves in the support structure and so is not considered here. 
Considering the same solution applies to problems in y-z 
plane and z-x plane, only the vibration of the system in the 
z-x plane is analyzed. The isolators consist of active 
actuators in parallel with flexible passive mounts, in which 
the passive mounts are used to provide isolation in all 
directions, while active actuators act vertically on the 
support plate and react on the rigid body. 

 

 

Fig. 1.  Vibrating rigid body isolated from a flexible plate 
using passive-active mounts 

 
As assumed in previous work, the system under control 

is linear and the disturbances are deterministic. The 
deterministic disturbances are considered as being 
decomposed into their constituent frequency components if 
the disturbance is periodic. The effects of feedforward 
control on each of these discrete frequency components can 
then be considered independently and superposition applies. 
As for random disturbances, practical control systems will 
be implemented using digital filters and the control 
algorithms formulated in time domain. 

The primary excitation applied at the rigid body is not 
simply a vertical force, but a combination of vertical and 
transverse forces as well as a rotational moment, as shown 
in Fig. 1. 
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2.1  System equation of motion 
The equation of the motion for the overall system is 

synthesized from equations of motion for each of the three 
subsystems: the rigid body, the mounts and the flexible 
support plate. 

It is assumed that the excitation forces and moment act 
on the center of gravity of the rigid body, and are denoted 
as T

e ( ) ,y z xF F TF as shown in Fig. 1. The 
corresponding velocity responses at the gravity center of 
the rigid body are given by T

e y z xv v θV （） . The output 
force and velocity vectors of the rigid body at the n 
connection points with the isolators are denoted Fa and Va 
respectively, where each element of the matrices Fa and Va  
represents forces, moments and generalized velocities at the 
connection point. All quantities are in the complex form 
with the time dependent function of exp(jωt) omitted for 
brevity. 

The motion of the rigid body can be expressed in 
mobility matrix form 

 
e e11 12

a a21 22

V FM M
V FM M
                 

,          (1) 

 
where ( , 1, 2)ij i j Μ are mobility sub-matrices. 11 Μ  

1 / jωJ , J is the diagonal matrix of inertia relative to the 
center of gravity. 12 11 FM M T , 21 v 11M T M , 22 M  

v 11 FT M T . FT and vT are the matrices used to correlate the 
force and velocity vectors Fa and Fe with Va and Ve by 
considering the rigid body constraint . 

Since this paper concerns active control over a broad 
frequency range, wave resonances caused by standing waves 
in the passive mounts may develop at high frequencies. In the 
following analysis, it is assumed that the rubber isolator can be 
modeled as a hollow cylinder with uniformly distributed mass, 
as shown in Fig. 2. The force and velocity vectors at the input 
and output ends are denoted T

m1 m1 m1 m1( ) ,y z xF F TF  
T

m1 m1 m1 m1( ) ,y z xv v θV 

T
m2 m2 m2 m2( ) ,y z xF F TF  

T
m2 m2 m2 m2( ) ,y z xv v θV  respectively, where the 

subscripts 1 and 2 refer to the top and bottom of the isolator 
respectively, and the subscript m denotes the mth isolator. 

 

 
Fig. 2.  Theoretical model for a cylindrical isolator 

 
The transfer matrix equation describing the motion of the 

resilient mount can be derived using modal analysis method [19]: 
 

m1 m11 m12 m1

m 2 m 2 1 m 2 2 m 2
,

                        

V R R F
V R R F

        (2) 

 
where m ( , 1, 2)

ij
i j R  are the transmission submatrice.  

When an active actuator is connected in parallel with the 
passive mount, the actuator exerts a vertical control force 
on the rigid body and the support point on the panel 
simultaneously. Assuming that the actuators are acting at 
the same locations as the passive isolators, Eq. (2) becomes 

 
m1 u mum1 m11 m12

m2 u mum2 m21 m22
,

                        

F T FV R R
F T FV R R

      (3) 

 
where muF represents the control forces generated by the 
mth actuator acting on the support plate, and uT  is the 
transformation matrix that relates the control forces to the 
relative vertical velocity components in m1V , m2V . 

For an isolation subsystem with n  active-passive 
isolators connected in parallel with each other, the equation 
of motion of the mount subsystem can be obtained by 
synthesizing matrix equations of n active-passive isolator 
pairs: 

 
1 11 12 1

2 21 22 2
,

                        

V R R F
V R R F

          (4) 

 
where 1 2 T

1 m1 m1 m1( ) ,nV V V V

1 2 T
2 m 2 m 2 m 2( ) ,nV V V V

1 2 T
1 m1 m1 m1( ) ,nF F F F

1 2 T
2 m 2 m 2 m 2( ) ,nF F F F and 

mobility matrices ( , 1, 2)ij i j R are given by 
 

1
m

2
m

m

ij

ij
ij

n
ij

               

R 0

R
R

0 R



.          (5) 

 
The supporting structure is modeled as a simply 

supported rectangular plate. At each connection point, the 
supporting plate is driven by concentrated forces (in the y 
and z directions) and bending moment (around the x axis). 
It is assumed that in-plane forces act in the middle of the 
plate cross-section. The in-plane waves induced by the 
transverse forces, out-of-plane flexural waves induced by 
the vertical force and bending moment are taken into 
account. By using wave equations[20], the corresponding 
driving point mobility and transfer mobility at each point of 
the supporting structure can be derived. Considering the 
out-of-plane motion and the rotations about the x axis as a 
couple and superimposing the contributions from the 
connection points, the supporting structure equation of 
motion can be described by the following mobility matrix 
form: 



www.manaraa.com

 
 
 

SUN Lingling, et al: Effectiveness of a Passive-active Vibration Isolation System with Actuator Constraints 

 

·570· 

                (6) 
  

where Fs and Vs are driving force and moment vector, and 
relative velocity response vector respectively, at the 
connection points of the supporting plate. The mobility 
matrix Ms can be expressed by the force and moment 
mobilities at the connection points of the supporting 
plate[21]. 

 
2.2  Optimal control forces 

The subsystem Eqs. (1), (4) and (6) are coupled by 
imposing conditions for continuity of forces and 
displacements at their interfaces, that is, at the isolators’ 
attachment to the rigid body and supporting structure. 
Synthesizing these equations, the output force and velocity 
response vectors Fs and Vs can be obtained in terms of the 
excitation force vector Fe and control force vector u as 
follows: 

 
1 1 1

s 2 12 3 4 12 11 e
1 1

2 12 3 12 1 11 12 1

( )

[ ( ) ] ,

M M M

M

  

 

  

  

F a a a F

a a R a R R a u
      

(7)
 

 
1 1 1

s s 2 12 3 4 12 11 e
1 1

s 2 12 3 12 1 11 12 1

( )

[ ( ) ] ,

M M M

M

  

 

  

  

V M a a a F

M a a R a R R a u
    

(8)
 

 
where 1

1 s 22 21 22( ) ( )  a M R R R , 
1

2 s 22 21( ) a M R R ,  
1 1

3 22 12 11 12 2 12( )M M M   a R R a , 
1 1

4 21 22 12 11 11 12 2 12 11( )M M M M M M    a R R a . 
The control force vector u consists of each control force 

output of n actuators. 
The total power transmitted into the supporting structure 

Ps  is given by 
 

H
s s

1 Re( ),
2sP  F V             (9) 

 
where the symbol H represents the transpose and conjugate 
of a matrix. 

As shown in Eqs. (7), (8), the response characteristics of 
the isolation system are the superposition of the primary 
and control source components. All quantities are expressed 
in the frequency domain. 

Then Eqs. (7), (8) can be partitioned into a control 
variable component, producing 

 
     e P d G u ,              (10) 

 
where the generalized vector e is a vector of the quantities 
being controlled, and d denotes primary force quantities. P 
and G are, respectively, the passive and active cancellation 
path transfer function matrices, which can be determined 
by mobility matrices in Eqs. (1), (4) and (5). 

As stated above, in many instances, the most useful 
performance index is considered to be the vibratory power 

that propagates into the supporting structure. In this paper, 
a modified control strategy comprising a combination of 
the vibratory power transmission and the sum of the 
squared control forces, is proposed to allow the optimal 
control signal to satisfy the control force constraints: 

 
H HJ  e We u Ru             (11) 

 
where W, R are respectively, the vibration level weighting 
and control weighting matrices. As suggested by their 
names, these matrices weight the relative importance of 
attenuating the response of certain variables and limiting 
the control effort. That is, the active control force can be 
varied with respect to response level to achieve a combined 
performance index. This can be implemented in active 
control system with an adaptive strategy, in which a 
measure of the system output is used to adjust the control 
system to provide desired performance characteristics. 

By combining Eq. (10), the optimal control force vector can 
be obtained using the same technique as used in Ref. [16]: 

 
1

opt
u A b .               (12) 

 
A block diagram of the feedforward control system is 

shown in Fig. 3, where all quantities are expressed in 
frequency domain. 

  

 
Fig. 3.  Block diagram of feedforward control 

 of an isolation system 
 
 

3  Numerical Results and Discussion 
 
In the numerical analysis, a two-isolator system is 

investigated, in which periodic combined excitation forces, 
including vertical and transverse excitation forces and a 
rotational moment acting in the same plane, are assumed to 
be applied on the rigid body.  

The data of the passive system referring to reference[11] 
are used in the numerical calculations. The transmission 
characteristics of the example system with passive mounts 
alone were discussed in reference[21], in which the total 
power transmission into the flexible rectangular plate from 
all mounts is analysed by identifying the vibration modes 
corresponding to the coupled isolation system. The 
influence of the resonances of the resilient mount on the 
isolation performance is also demonstrated. 

The cost functions that will be investigated for 

s s s ,=V Μ F  
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minimization are the total power transmitted into the plate, 
with or without control force constraints. First, control 
strategies in the absence of control force weighting are 
evaluated by comparing the total power transmission 
reduction with that achieved with the passive system alone. 
Then the magnitudes of the control forces required for 
achieving the maximum power transmission reduction are 
investigated. 

 
3.1  Power transmission reduction and required 
     control forces for ideal control strategies 

For the control strategy without control force constraints, 
the power transmission characteristics are plotted in Fig. 4. 
Fig. 4 shows that active isolation is not only able to 
attenuate the resonances of the rigid body modes (at about 
4–7 Hz), but is especially effective in attenuating resonance 
peaks of the flexible plate. At the first two resonant 
frequencies of the plate (17.7 Hz and 34.2 Hz), more than 50 
dB total power reduction can be obtained with active control.  

It is noted that the isolation performance degrades at 
higher frequencies of about 500 Hz. The degradation could 
be as high as 20–30 dB. This can be explained by the 
presence of the first longitudinal mode in the passive mounts 
(403.1 Hz). The internal resonances within the passive 
mounts also degrade the power transmission of the passive 
isolation systems, as discussed in more detail in Ref. [21]. 

 

 
Fig. 4.  Power transmission for the strategy  

without control force constraints 
 
The above results estimated the maximum achievable 

reduction in vibration power flow on the assumption that 
ideal actuators with high force capabilities are available. It 
is expected that the integrated active-passive isolation 
systems would reduce the total power output without 
leading to control force requirements which are in excess of 
the primary forces generated[9]. However, in practical 
instances, the magnitude of the required control force may 
not be supplied by actuators or force-generators of 
reasonable size. For the performance characteristics 
presented in Fig. 4, the ratio of the modulus of the control 
forces to the modulus of the primary vertical force 
generated (uFpa) is plotted in Fig. 5.  

 
Fig. 5.  Modulus of the control force required for the strategy 

without control force constraints 
 
It can be seen that large amplitude control forces are 

required to achieve the theoretically predicted control 
performance. At lower frequencies (10 Hz) the magnitude 
of the control force required is much higher than that of the 
primary vertical force. For the frequency range over which 
the resonant peaks of the rigid body modes appear (at about 
4–7 Hz), the largest required control force is about 20 times 
the primary vertical force. In other words, for large 
machines or vibrating bodies, more powerful actuators with 
prohibitively large mass or space will be needed to develop 
the required control force, and in most cases this is likely to 
be impractical. 

Note that the value of the control force u1 for actuator 1, 
which represents the right actuator as shown in Fig. 1, is 
somewhat higher than that of actuator 2. Detailed 
mechanism involved here has only recently been 
considered, and are still under investigation. 

Although the magnitude requirement for the control 
forces is significantly reduced as the frequency of 
excitation increases, as shown in Fig. 5, the frequency 
range over which active control is urgently desired is 
limited to lower frequencies, especially at frequencies 
around the resonances of rigid body modes. 

 
3.2  Influence of control force constraint on power 
     transmission reduction 

In this section the performance of the active isolation 
systems is estimated for combined cost functions, in which 
both the vibration power reduction and required control 
forces are taken into account. As described in Eq. (11), the 
control matrices W and R weight the relative importance of 
attenuating the power transmission and limiting the control 
effort. In this simulation, the maximum achievable control 
force is constrained to be the same order of the magnitude 
as the primary vertical force. Such a consideration is for no 
other reason than to provide a basis for the discussion of 
the modified algorithms used in active isolation. 

The performance characteristics for the active-passive 
isolation system, including control force constraint, are 
shown in Fig. 6 and Fig. 7. As is expected, when the control 
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forces are included in the cost functions, the magnitude of 
the control forces can be reduced to satisfactory levels, 
however, the price that has been paid is that the total power 
transmission has increased substantially compared to the 
control strategies with no control force constraint, as shown 
in Fig. 4. 

 

 
Fig. 6.  Power transmission for the strategy  

with control force constraints 
 

 
Fig. 7.  Modulus of the control force required 
 for the strategy with control force constraints 

 
It can be seen in Fig. 6 and Fig. 7 that at frequencies over 

which the first two resonant modes of the plate appear, a 
predicted power transmission reduction of more than 20 dB 
can be obtained with relatively small control forces. But at 
frequencies over which the rigid body modes dominate, the 
resulting isolation systems can only achieve a 5–10 dB 
power transmission reduction. And at off-resonance 
frequencies, little or no reduction in power transmission is 
obtained by using active mounts, as demonstrated in Fig. 6. 
This is a major difference between the control strategies 
with and without control effort constraint. 

It can also be seen in Fig. 6 that the results due to the 
wave effects of the elastic mounts are similar to those 
corresponding to the control strategies shown in Fig. 4 
where the resonant peaks of the elastic mounts cannot be 
attenuated and as a result, induce more wave power. 

Also of particular note is the frequency range over which 

the maximum magnitude of the control force is desired. It 
can be seen in Fig. 7 that the curves for the control force 
requirement are, however, very different from the case with 
control force constraint excluded in the cost function, as 
shown in Fig. 5. In the case considered here, the maximum 
magnitude of control force is required at frequencies 
corresponding to the rigid body modes (at about 4 Hz and 7 
Hz). In conclusion, the rigid body modes require a great 
deal of control effort for a relatively small reduction in 
power transmission. 

The curves in Fig. 8 and Fig. 9 represent the power flow 
characteristic and magnitudes of the control forces for the 
passive-active isolation system when only vertical 
excitation force is applied on the rigid body. The values of 
the control force weighting parameters r1, r2 in matrix R for 
the two actuators are designed to be the same due to the 
symmetrical nature of the problem. In such a case, the 
value of each of the two control forces will be the same. As 
shown in Fig. 8, the curve follows the expected form for 
the isolation system with only one rigid body mode present. 
Results are obtained for the combined control strategy of 
total power flow minimization as the control force 
weighting parameters are varied. 

 

 
Fig. 8.  Power flow for the control strategy of minimizing both 

total power transmission and the control forces when only  
a vertical primary force is applied to the rigid body 

 

 
Fig. 9.  Modulus of the control force required for the 

performance criterion illustrated in Fig. 8 
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It is shown in Fig. 8 that the power flow reduction of the 
passive-active isolation system is influenced by the 
weighting parameters assigned to the control forces. The 
peak response of the isolation system is more effectively 
attenuated as the weighting parameters r1, r2  are decreased, 
while the magnitude of the required control force increases. 
As shown in Fig. 9, the power flow reduction in the rigid 
body mode is about 10–15 dB, and the reduction in the first 
two resonant modes of the flexible plate is 20–30 dB, when 
the maximum magnitude of each of the two the control 
forces is approximately equal to 1.5 times the magnitude of 
the primary vertical excitation force. It is also shown in Fig. 
8 and Fig. 9 that progressively greater reduction in 
vibration power flow can be achieved as the magnitude of 
the control force increases. 

The numerical results illustrated in this section 
demonstrate that the passive-active isolation system 
removes the necessity for the mounted natural frequency to 
be very much lower than the excitation frequency, and can 
give low power flow transmission over a broader frequency 
range than possible with the passive mount alone. The 
resonant responses of the isolation system may be effectively 
attenuated by combined control strategies with the control 
force weighting included in the cost functions, provided that 
the control force actuator is able to produce similar force 
amplitudes to that of the vertical excitation force. 
 
4  Conclusions 
 

(1) The behavior of an integrated active-passive isolation 
system and the effect of control force constraint on the 
power flow reduction are evaluated. A generalized cost 
function was formulated in the frequency domain to 
minimize the combination of the vibration power flow 
reduction and the squared magnitude of the control forces.  

(2) Comparisons of the performance characteristics of 
the proposed control strategies reveal that without control 
force constraints in the cost functions, the ideal control 
strategies give significant power flow reductions over a 
broad frequency range, but the large control force 
amplitudes required may be impractical for active mounts 
of a reasonable size.  

(3) For control strategies with control force constraints, 
the maximum magnitude of the control force is required for 
the attenuation of the rigid body modes. At frequencies 
over which the first two resonant modes of the plate appear, 
a predicted power transmission reduction of more than 20 
dB can be obtained using appropriately small control forces. 
But at frequencies over which the rigid body modes are 
present, the resulting systems can only achieve a 5–10 dB 
power transmission reduction.  

(4) At off-resonance frequencies, little or no power flow 
reduction can be obtained by using active mounts with 
control forces constrained to a reasonable level(less than 
60% of the primary force). On the other hand, allowing 

unlimited control force amplitudes allows substantial power 
transmission reductions to be achieved over the entire 
frequency range. 

(5) The wave effects in the elastic passive mounts result 
in an increase of power transmission in high frequency 
range for both passive and active isolation systems. 
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